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The Einstein equations for an inhomogeneous irrotational dust universe are analysed. A set of
mild assumptions, all of which are shared by the standard FLRW type scenarios, results in a model
that depends only on the distribution of scalar spatial curvature. If the shape of this distribution is
made to fit the structure of the present universe, with most of the matter in galaxy clusters and very
little in the voids that will eventually dominate the volume, then there is a period of accelerated
expansion after cluster formation, even in the absence of a cosmological constant.
I. INTRODUCTION
The celebrated discovery [1, 2] that the expansion of
the universe has accelerated in recent times is ususally
interpreted as indicating the existence of a dark energy
or a non-vanishing cosmological constant, but there have
also been many attempts at different explanations of the
observations (see e.g. [3] for an overview).
One particular approach [4–6] relies on the fact that an
averaging process with respect to a volume based mea-
sure need not commute with taking a time derivative,
thereby resolving the apparent paradox that there can
be an accelerating global expansion even when the local
expansion rate is decelerating everywhere. This approach
relies on the irrotational dust approximation for treating
the geometry of the universe, and on Buchert’s formalism
[7] for handling volume averages. The present work fol-
lows this line of reasoning in using the irrotational dust
approximation. It deviates, however, by not applying
Buchert’s equations but instead relying on a time inde-
pendent measure that is proportional to the total amount
of mass in a region. Along the route a few simplifying
assumptions are made, but none of them is not shared
by the standard Friedmann–Lemaitre–Robertson–Walker
(FLRW) type scenarios that are commonly used to infer
a non–vanishing value of the cosmological constant. In
fact, our class of models contains the FLRW models as
special cases; what makes the actual universe different is
precisely the fact that it contains both regions whose ex-
pansion is halted (galaxies and clusters) and regions that
continue expanding (voids).
In the following section we present some essential
points about the irrotational dust model that will be
required later. Section 3 contains an exposition of our
model and a computation of the leading and sublead-
ing behaviour of the Hubble rate at early and late times.
We find that the Hubble rate behaves asymptotically like
that of an open FLRW universe, but with significant de-
viations at intermediate times: for a universe in which
most of the matter ends up in bound structures, the Hub-
ble rate falls below the FLRW values during the era of
structure formation by collapse, thus requiring a subse-
quent period when it approaches these values again. The
latter is identified with the present era of accelerated ex-
pansion. In the final section we revisit our assumptions
once more; we find that while it will probably be very
hard to use the present model to make predictions that
are as precise as those of the FLRW picture (which are
wrong, as we argue), the qualitative aspects should be
robust.
II. THE IRROTATIONAL DUST UNIVERSE
Throughout this note we will model the universe as
consisting of irrotational dust. This has the advan-
tage of implying a physically well motivated split of the
4-manifold (4)M representing spacetime as a cartesian
product
(4)M = R+ ×M (1)
of time and space. The metric in the synchronous gauge
is
ds2 = −dt2 + gij(t, x)dxidxj , (2)
where t is the time measured by an observer who is co-
moving with the dust. The corresponding stress-energy
tensor takes the form (4)Tµν = ρδ
0
µδ
0
ν . All the informa-
tion is in the time-dependent spatial 3-metric gij(t, x),
so in this note geometric expressions like the Ricci tensor
Rij refer to the spatial geometry unless explicitly indi-
cated otherwise. Indices are lowered and raised with the
help of gij and its inverse g
jk, respectively. Differenti-
ation with respect to t will be indicated by a dot and
spatial differentiation by subscripts separated by vertical
strokes.
We aim for the following. Given a domain D ⊂ M
that is large compared to the scale of inhomogeneities,
we want to compute the Hubble rate as
HD =
V˙D
3VD
with VD(t) =
∫
D
√
g(x, t) d3x. (3)
Rather than follow the standard path of using Buchert’s
equations for D–averaged quantities [7] we prefer to think
of D as consisting of many ‘infinitesimal’ (in fact, small
in cosmic terms but large enough for the irrotational dust
2approximation) subregions whose evolutions we follow in-
dependently before adding them up.
With the metric (2) the four–dimensional Einstein ten-
sor (4)G has the components
(4)G00 =
1
2
θijθ
j
i −
1
2
θ2 − 1
2
R, (4)
(4)G0i = −2θj[i|j], (5)
(4)Gij = θ˙
i
j + θθ
i
j − δij(θ˙ +
1
2
θ2 +
1
2
θijθ
j
i ) +R
i
j −
1
2
δijR,(6)
where the expansion tensor θij and the scalar expansion
rate θ are defined by
θij =
1
2
gikg˙kj , θ = θ
i
i =
√˙
g√
g
. (7)
We decompose the expansion tensor and the Ricci tensor
into their trace and traceless parts,
θij =
θ
3
δij + σ
i
j , R
i
j =
R
3
δij + r
i
j , (8)
hence θijθ
j
i =
1
3θ
2+2σ2 with σ2 = 12σ
i
jσ
j
i . Then covariant
conservation of the stress–energy tensor, (4)Tµν;
ν = 0 is
equivalent to
ρ˙+ θρ = 0, (9)
and the Einstein equations become
1
3
θ2 − σ2 + 1
2
R− Λ = 8piGNρ, (10)
−2θ|i + 3σji|j = 0, (11)
−2θ˙− θ2 − 3σ2 − 1
2
R + 3Λ = 0, (12)
σ˙ij + θσ
i
j + r
i
j = 0, (13)
with the last two equations corresponding to the trace
and traceless part of (4)Gij +Λδ
i
j = 0. A straightforward
computation shows that the time evolution of the Ricci
tensor can be described in the notation of Eq. (7) as
R˙ij = θ
k
i|jk + θ
k
j|ik − θij|klgkl − θ|ij . (14)
With the vanishing of the r.h.s. of Eq. (5) this implies
gijR˙ij = 0, hence the Ricci scalar R = g
ijRij evolves
according to
R˙+
2
3
θR = −2σijrji . (15)
Now we introduce a local scale factor
a(t, x) = ain(x) exp
(
1
3
∫ t
tin
θ(t˜, x)dt˜
)
(16)
where the subscript ‘in’ refers to some initial time. With
θ = 3a˙/a and rescaled quantities
ρˆ = a3ρ, σˆij = a
3σij , Rˆ = a
2R, rˆij = a
2rij , (17)
the first Einstein equation (10) becomes a local version
of the Friedmann equation,
a˙2
a2
=
σˆ2
3
a−6 +
8pi
3
GN ρˆ a
−3 − 1
6
Rˆ a−2 +
Λ
3
, (18)
where the evolution of the quantities on the right hand
side is determined by Eqs. (9), (13) and (15) which result
in
ˆ˙ρ = 0, ˆ˙σij = −arˆij , ˆ˙R = −2a−3σˆij rˆji . (19)
The first of these equations shows that ρˆ = a3ρ is con-
stant in time. We now use our freedom in normalizing
a, as represented by the integration constant ain(x) in
Eq. (16), to make ρˆ spatially constant as well. In other
words, our conventions are such that the inverse volume
a−3 is proportional to the density ρ with a proportional-
ity factor that is constant over spacetime. The validity
of Eq. (12) is then a consequence of Eqs. (18) and (19).
III. A MODEL BASED ON THE
DISTRIBUTION OF CURVATURE
Up to now we have given an exact description of a
completely general irrotational dust universe. The stan-
dard FLRW scenario consists in assuming that a good
approximation of the actual universe is provided by tak-
ing σˆ = 0, rˆ = 0 and Rˆ constant in space and time, thus
satisfying Eqs. (19) identically by vanishing left and right
hand sides. Then Eq. (18) is solved for constant values of
Rˆ and Λ, and the observed acceleration of the expansion
is seen as an indication of a positive Λ.
Let us examine the impact of these assumptions. We
begin our own analysis by accepting the proposition
that rˆ = 0 provides a reasonable approximation. Then
Eqs. (19) imply that σˆ and Rˆ do not evolve in time. From
the structure of Eq. (18) it is clear that the impact of σˆ
is greatest at times when a is small, i.e. in the early
universe or near collapse. As observations seem to indi-
cate negligible influence of shear at early times, we follow
the standard procedure of neglecting σˆ in the following,
postponing further analysis of this approximation to the
discussion section.
What about the assumption of constant Rˆ? If this
were correct, then we would either have contraction ev-
erywhere or expansion everywhere. Obviously this is in
contradiction with the structure of our actual universe
which features both contraction (to galaxies and clus-
ters) and continuing expansion (in voids). Therefore we
consider our model universe to be the union of many
infinitesimal regions, each of which has its own Rˆ and
evolves according to Eq. (18) with σˆ = 0. General state-
ments can then be made by integrating/averaging over
these regions, according to some probability measure dµ
for Rˆ.
3As a consequence of Eqs. (7) and (9) the expression
ρ(x, t)
√
g(x, t), and therefore the mass content
mD =
∫
D
ρ(x, t)
√
g(x, t) d3x (20)
of any domain D ⊂M is time independent. We assign to
any scalar quantity X(x, t) a mass–weighted D–average
as
〈X〉D(t) = 1
mD
∫
D
X(x, t)ρ(x, t)
√
g(x, t) d3x. (21)
We emphasize that this is not the same as Buchert’s aver-
age [7]; in contradistinction to the latter, the present av-
eraging prescription commutes with taking time deriva-
tives, 〈X 〉˙D = 〈X˙〉D. If X is a function of t and Rˆ(x)
then
〈X〉D(t) =
∫ ∞
−∞
X(t, Rˆ) dµ(Rˆ) (22)
where dµ(Rˆ) = [m−1D
∫
δ(Rˆ(x) − Rˆ)ρ√gd3x]dRˆ is the
fraction of the total mass content mD of D that lies
in regions with curvatures in [Rˆ, Rˆ + dRˆ]. The stan-
dard FLRW scenario with a constant rescaled curvature
is just the special case of a discrete distribution with
dµ(Rˆ) = δ(Rˆ − Rˆconst)dRˆ. We can compute the volume
of D as
VD =
∫
D
√
g(x, t) d3x = mD〈ρ−1〉D = mD
ρˆ
〈a3〉D, (23)
resulting in the Hubble rate
HD =
V˙D
3VD
=
〈a3〉˙D
3〈a3〉D , (24)
which can now be analysed in terms of Eq. (22). In the
following we shall omit the subscriptD from the averages,
with the understanding that we work with a domain D
that is large enough to result in values that are typical
for the visible universe.
From now on we restrict ourselves to the case Λ = 0. In
order to solve Eq. (18) with σˆ2 = 0, we change variables
from a to a dimensionless quantity b via
a = 16piGN ρˆ |Rˆ|−1 s2(b) with s(b) =
{
sin(b) if Rˆ > 0
sinh(b) if Rˆ < 0
(25)
(the case Rˆ = 0 is just the limiting case of either of the
other two). A brief computation that involves taking the
square roots of both sides of Eq. (18) results in 2|b˙|s2(b) =
(16
√
6 piGN ρˆ)
−1|Rˆ|3/2 which we can integrate to
|b− 1
2
s(2b)| = |Rˆ|
3/2
16
√
6piGN ρˆ
t (26)
(we have set the integration constant to zero in order to
match the convention that time starts at t = 0). Our next
aim is to obtain asymptotic expressions for the Hubble
rate both for the very early and for the very late universe.
In each case we first eliminate b from Eqs. (25) and (26)
to obtain an expansion for the local scale factor a, and
then compute H via Eq. (24).
Early universe. This is the case of b << 1. Inserting
the power series for sin(h) into Eqs. (25) and (26) and
eliminating b from the resulting system yields
a(t, Rˆ) =
(
6piGN ρˆ t
2
) 1
3
(
1− Rˆ5
(
3
2
t
16
√
6 piGN ρˆ
) 2
3
+O
(
Rˆ2(GN ρˆ)
− 4
3 t
4
3
))
. (27)
We can compare this expression with the quasi-isotropic
expansion of Lifshitz and Khalatnikov [8] by using
Eq. (17) to return to the original quantities ρ and R.
This results in 6piGNρ = t
−2 + 940R+ . . ., which is iden-
tical to what one gets by performing a quasi-isotropic
expansion for the irrotational dust case [9][12]. Hence
our simplifications do not affect the leading orders.
Applying (24) leads to
H(t) =
2
3t
(
1− 〈Rˆ〉
5
(
3
2
t
16
√
6 piGN ρˆ
) 2
3
+ · · ·
)
. (28)
This result is consistent with an asymptotic expansion
that was performed in [10] in the framework of perturba-
tion theory and the Buchert equations.
Late universe. We distinguish between regions that fi-
nally contract, whose asymptotic volume we model by
a constant, and regions that expand forever. The latter
correspond to Rˆ < 0 where s(b) = sinh(b) ≈ eb/2 for
b >> 1. By again eliminating b from Eqs. (25) and (26)
we find the asymptotic behaviour
a(t, Rˆ) =
√
|Rˆ|
6
t+8piGN ρˆ|Rˆ|−1 ln
(
|Rˆ| 32 t
16
√
6 piGN ρˆ
)
+ · · · ,
(29)
for the expanding regions. Averaging the third power of
this expression and adding a constant (which does not
contribute to the leading orders presented here) for the
contracted regions results in an expansion for 〈a3〉 that
can be inserted into Eq. (24). The result is
H(t) =
1
t
(
1− 8
√
6 piGN ρˆ
〈|Rˆ| 32 〉− t
ln
(
〈|Rˆ| 32 〉−t
16
√
6piGN ρˆ
)
+ · · ·
)
,
(30)
where 〈|Rˆ| 32 〉− =
∫ 0
−∞ |Rˆ|
3
2 dµ(Rˆ); as the subscript indi-
cates, we integrate only over negative values of Rˆ. Note
that in the last two equations the prefactor of t under
the logarithm is inessential because it can be modified by
lower order terms; it was chosen to conform to Eq. (26).
Let us denote by Rˆc a scale that is characteristic for
the distribution of Rˆ so that
〈Rˆ〉 = O(Rˆc) and 〈|Rˆ| 32 〉− = O(|Rˆc| 32 ). (31)
4Then Eqs. (28) and (30) imply that H(t) is a function
that behaves asymptotically like 23 t
−1 at early times and
like t−1 at late times, with a transition era around a char-
acteristic time scale tc = 16
√
6 piGN ρˆ|Rˆc|−3/2. At lead-
ing order this is just the behaviour of an open FLRW uni-
verse. Indeed, such a universe corresponds to the discrete
distribution with dµ(Rˆ) = δ(Rˆ−Rˆc)dRˆ for Rˆc < 0. Then
〈Rˆ〉 = Rˆc < 0, the subleading term in Eq. (28) is positive,
the graph of H(t) is between the graphs of the functions
2
3 t
−1 and t−1 everywhere, and H(t) is monotonically de-
creasing even though tH(t) increases from 2/3 to 1.
What about a universe that looks more like ours,
i.e. one that features collapse? According to [11] the
greatest part of the baryon content of the universe re-
sides in clusters of galaxies, which correspond to regions
of positive Rˆ in our model. Hence we should think of
the distribution for Rˆ as heavily skewed towards pos-
itive values, for example a Gaussian distribution with
mean 〈Rˆ〉 = Rˆc > 0 and standard deviation of a simi-
lar or smaller magnitude. Then Eq. (28) shows that the
graph of H(t) goes below that of 23 t
−1. Indeed, a re-
gion characterized by some positive value of Rˆ collapses,
according to Eq. (25), during the interval b ∈ (pi/2, pi),
i.e. (16
√
6 piGN ρˆ)
−1|Rˆ|3/2 t ∈ (pi/2, pi). If the distribu-
tion is dominated by the region around some Rˆc > 0
then we can even get H(t) < 0 for t/tc ≈ 3pi/4. But
a negative Hubble rate at a finite time and a positive
Hubble rate at very late times would imply an interme-
diate period of a rising Hubble rate H˙ > 0, which is more
than we need to achieve a negative deceleration param-
eter q = −1 − H˙/H2, i.e. accelerating expansion. The
following summary of the present paragraph is also the
main statement of this paper.
In a universe in which a large fraction of the matter
content ends up in bound clusters and very little matter
goes into voids that eventually come to dominate the total
volume, one would expect to have a period of accelerating
expansion after most of the collapse has taken place, even
in the absence of a cosmological constant.
IV. DISCUSSION
Except for the supposition that the universe contains
regions of negative spatial curvature as well as regions
of positive spatial curvature, we have not made a single
assumption that is not shared by the standard FLRW
scenario. This resulted in a model which, when adjusted
to the way matter is distributed, predicts that the change
in the Hubble rate should be above that for a FLRW
universe with Λ = 0 in the era after structure formation.
This model rests upon two pillars, the irrotational dust
approximation for the matter content and the neglect of
shear. Let us consider once more the impact of these
assumptions.
The irrotational dust approximation. This ap-
proximation breaks down in the early universe where the
stress–energy tensor has a non–negligible pressure term,
and in collapsing regions where vorticity starts to play a
role and eventually holds the collapse. While the break-
down in the early universe makes it harder to connect
our model to data of the cosmic microwave background,
it seems extremely unlikely that it could affect results
that concern the period after structure formation. The
occurrence of vorticity certainly leads to a strong mod-
ification of the way collapse happens in detail, but this
need not worry us since we did not use any of these de-
tails in our treatment of collapsing regions in the previous
section.
On the other hand, the irrotational dust approximation
has the great advantage of supplying us with a natural,
physically well motivated split of spacetime into space
and time, thereby giving a precise meaning to a statement
such as ‘at time t the volume of domain D is VD(t).’
Neglect of shear. This is certainly the greatest weak-
ness of the present model. Indeed by Eq. (11) vanishing
shear would imply a spatially constant expansion rate.
Therefore our model cannot represent an exact solution
to the Einstein equations, but that does not prevent it
from providing a better approximation to our universe
than any FLRW scenario.
Let us briefly examine what happens when we relax
this assumption. Once we have shear, we must also allow
for time dependence of Rˆ. As a consequence of Eqs. (19)
we get
σˆ2(t) = σˆ2(tin)−
∫ t
tin
a(t˜) σˆij(t˜)rˆ
j
i (t˜) dt˜, (32)
Rˆ(t) = Rˆ(tin)− 2
∫ t
tin
a−3(t˜) σˆij(t˜)rˆ
j
i (t˜) dt˜, (33)
where we have suppressed the space dependences and tin
denotes some initial time. Then we must modify the right
hand side of Eq. (18) by replacing the formerly constant
σˆ2 and Rˆ by their values at time tin and adding the term
a−2
3
∫ t
tin
(
1
a3(t˜)
− a(t˜)
a4(t)
)
σˆij(t˜)rˆ
j
i (t˜) dt˜ (34)
which we now want to analyse. Unless we consider col-
lapse, 1/a3(t˜) will be larger than a(t˜)/a4(t), so we can
neglect the latter. Assuming that the Ricci tensor is of
the same order of magnitude as its trace, so that the
components of rˆji will be limited by a value near our
typical scale Rˆc, the integral will not be much larger
than Rˆc
∫ t
tin
a−3(t˜)|σˆ(t˜)|dt˜ = Rˆc
∫ t
tin
|σ(t˜)|dt˜. For mod-
erate shear this means that we should view this term as
a slowly varying addition to the Rˆin–term.
Our rough estimates indicate that the only modifica-
tion required to make our model exact would be to al-
low for a slow evolution of Rˆ. While this invalidates
the assumption that a single distribution dµ(Rˆ) can give
quantitatively precise results for all time scales, the func-
tion H(t) will nevertheless osculate 23 t
−1 at early times
and t−1 at late times; however, the subleading terms of
5Eqs. (28) and (30) may depend on expectation values
〈Rˆ〉early and 〈|Rˆ| 32 〉− late, with the sole difference that
the two distributions need not be exactly the same. This
certainly makes it harder to produce precise quantita-
tive predictions but should not affect the qualitative re-
sult that inhomogeneity affects the shape of the function
H(t). After all, most of the matter in the universe did
coalesce in clusters, so the Hubble rate must have gone
below that for an open FLRW universe, hence there must
be a period during which it returns.
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